Superfield Formalism of Stochastic Quantization Method with
  Field-Dependent Kernels by Ikegami, K.
ar
X
iv
:h
ep
-th
/9
30
40
58
v1
  1
5 
A
pr
 1
99
3
hep-th/9304058
CHIBA-EP-68
June 7, 2018
Superfield Formalism of Stochastic Quantization
Method with Field-Dependent Kernels
Kenji Ikegami
Graduate School of Science and Technology,
Chiba University,
1-33 Yayoi-cho, Inage-ku, Chiba 263, JAPAN
ABSTRACT
I consider a Langevin equation with field-dependent kernels and investigate su-
persymmetry of the stochastic generating functional constructed from the Langevin
equation. Moreover I describe the stochastic generating functional in terms of a
superfield. In the superfield formalism, it becomes clear that the stochastic quan-
tization method with the field-dependent kernel is equivalent to the path-integral
quantization method.
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1. Introduction
The stochastic quantization method (SQM) was first proposed by Parisi and
Wu as an alternative quantization method in 1981.
[1][2]
SQM can be applied to gauge
theories without the gauge fixing procedure, i.e. without Faddeev-Popov ghost
fields. Instead of introducing ghost field, the method produces the same contri-
bution as the path-integral quantization method (PIQM). This fact was already
confirmed perturbatively for Yang-Mills fields
[3]
and for non-Abelian anti-symmetric
tensor fields.
[4]
SQM has a powerful tool, “ kernel”, which, among others, gives new regulariza-
tion schemes.
[5]
Kernel is also introduced for system including massless fermion.
[6]
Moreover,
the “field-dependent” kernel is introduced for system including
graviton,
[7]
system with spontaneously broken symmetry,
[8]
and bottomless
systems.
[9]
On the other hand, it is well known that theories quantized stochasti-
cally display supersymmetry
[10]
and can be described in superfield formalism. So
my question is whether SQM with field-dependent kernel has supersymmetry or
not. While Ref.[11] showed that stochastic action with field-dependent kernel had
a supersymmetry, the action cannot be described in superfield formalism. Besides,
the stochastic action is correct only when the field-dependent kernel is a metric
included in classical action. In this paper, I show that the generating functional
is invariant under two independent super-transformations and can be described in
terms of superfield for boson and fermion systems in general.
SQM without kernel is equivalent to PIQM and proof of the equivalence is
given with the help of Fokker-Planck equation
[12]
or superfield formalism.
[13][14]
The
equivalence is, however, not given yet in superfield formalism in case Langevin
equation has field-dependent kernel. I remark the latter equivalence in this paper.
This paper is organized as follows. Supersymmetric generating functional for
boson system is given in section 2 and for fermion system in section 3. In section
4, the equivalence of SQM with field-dependent kernel to PIQM is remarked and
summary is given.
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2. Supersymmetric generating functional for boson
I take up a system with variables q(x) and the classical action S(q) in n-
dimensional space-time. To quantize the system, I give a Langevin equation with
field-dependent kernel K(q)
∂tq(x, t) ≡ q˙(x, t) = −X(x, t) +R(q(x, t))η(x, t), (1)
X ≡ K(q(x, t)) δS
δq(x, t)
−R(q(x, t))δR(q(x, t))
δq(x, t)
, K(q(x, t)) = R2(q(x, t)),
where η is a white noise field defined by the following correlation
〈η(x, t)η(y, s)〉η = 2δn(x− y)δ(t− s),
〈f(η)〉η ≡
∫
Dη f(η) exp{− ∫ dnxdt1
4
η2(x, t)}. (2)
f(η) is an arbitrary function of η. In this paper, only Stratonovich type calculus
[16]
is
used which allows the Leibnitz rule with respect to stochastic time derivative. Now,
let me introduce the stochastic generating functional
Z[j] = 〈e
∫
dnxdt qη(x,t)j(x,t)〉η =
∫
Dη e−
∫
dnxdt{ 1
4
η2(x,t)−qη(x,t)j(x,t)}, (3)
where qη is solution of eq.(1). Inserting the right-hand side of
1 =
∫
Dq δ(R−1(q˙ +X)− η)δη
δq
,
I get
Z[j] =
∫
DqDet[
∂
∂q
{R−1(q)(q˙ +X(q))}]
× exp[−
∫
dnxdt{1
4
(q˙ +X(q))K−1(q˙ +X(q))− j(x, t)q(x, t)}],
=
∫
DqDωDωDp exp
[ − ∫ dnxdt[pK−1p− ip(q˙ +X(q))
− ωR ∂
∂q
{R−1(q˙ +X(q))}ω − j(x, t)q(x, t)]],
(4)
where ω, ω, p are auxiliary fields. This expression is rather complicated and it is
difficult to recognize in eq.(4) whether Z[0] has supersymmetry or not. In fact, the
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stochastic action appearing in eq.(4)
SSQM (q, ω, ω, p) ≡
∫
dnxdτ{pK−1p− ip(q˙ +KδS
δq
− RδR
δq
)
− ωR ∂
∂q
(R−1q˙ +R
δS
δq
− δR
δq
)ω},
(5)
is not invariant under the supersymmetric transformation
δq = ǫω + ωǫ, δω = −iǫp, δω = −iǫp− ǫq˙, δp = iω˙ǫ, (6)
which makes the stochastic action without kernel invariant.
[10][17]
Here ǫ, ǫ are in-
finitesimal anticommuting constant parameters. The change of variables
q′ =
∫
dqR−1(q), p′ = R(q)p, ω′ = ωR(q), ω′ = R−1(q)ω, (7)
leads to
Z[j] =
∫
Dq′Dω′Dω′Dp′exp[−∫ dxdt{p′2 − ip′(q˙′ + δS
δq′
)
− ω′ ∂
∂q′
(q˙′ +
δS
δq′
)ω′ + ip′R−1
δR
δq′
+ ω′
∂
∂q′
(R−1
δR
δq′
)ω′ − j(x, t)q(q′)],
(8)
where I assume that the first relation in eq.(7) can be solved for K in terms of q.
Z[j] can then be rewritten in terms of a superfield Φ′ as
Z[j] =
∫
DΦ′exp[−
∫
d2θdτdnx{DθΦ′DθΦ′ + L(q(Φ′))
− δn(0) lnR(q(Φ′))− jq(q′)},
(9)
Φ′ ≡ q′ + θω′ + ω′θ − iθθp′, DΦ′ ≡ Dq′Dω′Dω′Dp′,
Dθ ≡ ∂θ, Dθ ≡∂θ − θ∂τ ,
(10)
where θ, θ are anticommuting superspace coordinates, L(q) is Lagrangian density
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∫
dnxL = S, and q(Φ′) ≡ q(q′))|q′=Φ′ . Now it is obvious that the stochastic action
S′SQM (Φ
′) = SSQM (q, ω, ω, p)
=
∫
d2θdτdnx{DθΦ′DθΦ′ + L(q(Φ′))− δn(0) lnR(q(Φ′))},
(11)
is invariant by operation with supercharges Q,Q
Q ≡ ∂θ, Q ≡ ∂θ + θ∂τ , {Q,Dθ} = {Q,Dθ} = {Q,Dθ} = {Q,Dθ} = 0, (12)
or equivalently under the supertransformation
δq′ = ǫω′ + ω′ǫ, δω′ = −iǫp′, δω′ = −iǫp′ − ǫq˙′, δp′ = iω˙′ǫ. (13)
In terms of original variables q, ω, ω, p, the transformation can be expressed as
δq = ǫω + ωK(q)ǫ, δω = −iǫp′ − ǫωω∂R(q)
∂q
R−1(q),
δω = −iǫK(q)p − ǫq˙ + ωǫ∂R(q)
∂q
R(q)ω,
δp = iω˙ǫ+ iω
∂R(q)
∂q
R−1q˙ǫ− R−1(q)∂R(q)
∂q
ǫωp− ωǫ∂R(q)
∂q
R(q)p.
(14)
Thus the stochastic action with field-dependent kernel is invariant, for any boson
system, under the super-transformation. With the help of the generating functional
(9), it is shown that the Green functions in SQM are equivalent to those in PIQM
as will be remarked in section 4.
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3. Fermion case
Next, I show the supersymmetry for the fermion system which is quantized
stochastically. In general, as kernel K(ψ, ψ) for fermion field includes Dirac matri-
ces γµ,
√
K does not always exist. So I start with the Langevin equation as
[15]
ψ˙α(x, t) = −Xψ + η1α + 1
2
Kαβη2β ,
ψα(x, t) = −Xψ +
1
2
η1βKαβ + η2α,
(15)
Xψ ≡ Kαβ δS
δψβ
− 1
2
δKαβ
δψβ
, Xψ ≡ −
δS
δψβ
Kβα +
1
2
δKβα
ψβ
, (16)
where δ/δψ, δ/δψ are left derivatives and η1, η2, η1, η2 are anticommuting white
noise fields defined as
〈η1α(x, t)η1β(x′, t′)〉 = 〈η2α(x, t)η2β(x′, t′)〉 = 2δαβδn(x− x′)δ(t− t′), (17)
〈f(η1, η2, η1, η2)〉 ≡
∫
Dη1Dη1Dη2Dη2 f(η1, η2, η1, η2) e
− 1
2
∫
dnxdτ (η1η1+η2η2).
(18)
The stochastic generating functional for fermi field is defined as
Z[j, j] =
∫
Dη1Dη1Dη2Dη2e
−
∫
dnxdt{ 1
2
(η1η1+η2η2)−(jψη+ψηj)}, (19)
where ψη, ψη are solutions of eq.(15). The change of variables (η1, η1, η2, η2) →
(ψ, ψ, η′2 ≡ Kη2, η′2 ≡ η2K−1) leads to
Z[j, j] =
∫
DψDψDη′2Dη
′
2Dϕ1Dϕ1Dϕ2Dϕ2 Det(K) exp
[
−
∫
dnxdτ{η′2η′2
− η′2(ψ˙ +Xψ)−
1
2
(ψ˙ +Xψ)K
−1η′2 + (ψ˙ +Xψ)K
−1(ψ˙ +Xψ)
− (ϕ1 ϕ2)
(
J
)(ϕ1
ϕ2
)
− (jψη + ψηj)}
]
,
(20)
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(J)αβ ≡
( − ∂
∂ψβ
(ψ˙α +Xψ)α − ∂∂ψβ (ψ˙ +Xψ)α
∂
∂ψβ
{(ψ˙ +Xψ)χK−1χγ }Kγα ∂∂ψβ {(ψ˙ +Xψ)χK
−1
χγ }Kγα
)
,
where ϕ, ϕ are auxiliary fields. After the integration over η′2, η
′
2,
Z[j, j] =
∫
DπDπDϕ2Dϕ2Dϕ1Dϕ1DψDψ
×exp
[
−
∫
dnxdτ{2πKπ − iπ(ψ˙+Xψ)− i(ψ˙ +Xψ)π
− (ϕ1 ϕ2) (J)
(
ϕ1
ϕ2
)
−(jψη + ψηj)}
]
,
(21)
where π, π are auxiliary fields. As in section 2, the change of variables
ψ′ = ψ, ϕ′1 = ϕ1, ϕ
′
1 = ϕ1, π
′ = π,
δψ
′
= δψK−1, ϕ′2 = ϕ2K
−1, ϕ′2 = Kϕ2, π
′ = Kπ,
(22)
leads to the generating functional Z[j, j] written in terms of superfield
Z[j, j] =
∫
DΨ
′
DΨ′ exp
[
−
∫
dnxd2θdτ{DθΨ
′
DθΨ
′ −Dθ Ψ′DθΨ′
+ L(Ψ′,Ψ
′
)− 1
2
δn(0) ln detK(Ψ′,Ψ
′
)}
]
,
(23)
Ψ′ ≡ ψ′ + θϕ′1 + ϕ′2θ − iθθπ′, Ψ
′ ≡ ψ′ + θϕ′2 + ϕ′1θ − iθθπ′, (24)
where L is Lagrangian density and ψ
′
is defined from ∂ψ
′
δψ
= K−1. The supersym-
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metry transformation in terms of original fields is
δψα = ǫϕ1α +Kαβϕ2βǫ, δϕ1α = −iǫKαβπβ − ǫψ˙α, δϕ1α = iǫ πα, δπα = iǫϕ˙α,
δψα = ǫϕ2α + ϕ1βKβαǫ,
δϕ2α = −iǫπβKβα − ǫψ˙α − ϕ2γ(ǫϕ1 +Kϕ2ǫ)δ
∂K−1γβ
∂ψδ
Kβα
− ϕ2γ(ǫϕ2 + ϕ1Kǫ)δ
∂K−1γβ
∂ψδ
Kβα,
δϕ2α = iǫπα − (ǫϕ1 +Kϕ2ǫ)δK−1αβ
∂Kβγ
∂ψδ
ϕ2γ − (ǫϕ2 + ϕ1Kǫ)δK−1αβ
∂Kβγ
∂ψδ
ϕ2γ ,
δπ = iǫϕ˙2α + iǫψ˙δK
−1
αβ
∂Kβγ
∂ψδ
ϕ2γ − (ǫϕ1 + ϕ2Kǫ)δK−1αβ
∂Kβγ
∂ψδ
πγ
− (ǫϕ2 + ϕ1Kǫ)δK−1αβ
∂Kβγ
∂ψδ
πγ .
(25)
which is the supersymmetry for SSQM .
4. Summary
I showed that the stochastic generating functional for fermion or boson system,
which is constructed from the Langevin equation with field-dependent kernel, has
supersymmetry and can be described in terms of superfield.
Further I remarked that SQM with field-dependent kernel is equivalent to
PIQM. The generating functional written in terms of superfield is identical to
that of Ref.[14] which is constructed from the Langevin equation without field-
dependent kernel with the replacement of Φ with Φ′ and L(Φ) with L(q(Φ′)) −
ln(R(q(Φ′)). In Ref.[14] the equivalence of SQM without kernel to PIQM was
proved when ∂
2L
∂q2
is positive. So the equivalence of SQM with field-dependent
kernel to PIQM is proved in the same way if
∂2(L− δn(0) lnR)
∂q2
is positive.
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